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We show that graphene-dielectric multilayers give rise to an unusual tunability of the Casimir-
Lifshitz forces, and allow to easily realize completely different regimes within the same structure.
Concerning thermal effects, graphene-dielectric multilayers take advantage from the anomalous fea-
tures predicted for isolated suspended graphene sheets, even though they are considerably affected
by the presence of the dielectric substrate. They can also archive the anomalous non-monotonic
thermal metallic behavior by increasing the graphene sheets density and their Fermi energy. In
addition to a strong thermal modulation occurring at short separations, in a region where the force
is orders of magnitude larger than the one occurring at large distances, the force can be also ad-
justed by varying the number of graphene layers as well as their Fermi energy levels, allowing for
relevant force amplifications which can be tuned, very rapidly and in-situ, by simply applying an
electric potential. Our predictions can be relevant for both Casimir experiments and micro/nano
electromechanical systems and in new devices for technological applications.
PACS numbers: 12.20.-m,78.67.Wj, 81.07.Oj,42.50.Ct
The Casimir-Lifshitz pressure (CLP) occurring be-
tween closely-spaced bodies is a mechanical manifesta-
tion of both quantum vacuum and thermal fluctuations
of radiation and matter fields [1, 2, 6]. It is the ob-
ject of large theoretical and experimental interests [3]
for both its fundamental and applicative implications.
In particular, on the applicative side, such force has a
clear impact in micro/nano (electro)mechanical systems
(MEMS/NEMS), where it plays a dominant role at small
separations [4]. For parallel planar structures separated
by a distance d the CLP can be expressed as [2]
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where p = TE, TM stands for the two light polarizations
(Transverse Electric and Transverse Magnetic), qz =√
(ω/c)2 −Q2 and R(i)p (Q,ω, T ) are the z-component of
the vacuum wavevector and the reflection coefficient of
bodies i = 1, 2, respectively. The integral is over the
parallel-plane wavevector component Q.
Equation (1) shows that the CLP can be tuned by
modifying the bodies’ reflection coefficients or by vary-
ing the temperature T . In practice, thermal manipula-
tion has been always considered as non effective: at short
separations (d ≤ 1µm), where the CLP is stronger, ther-
mal effects are very small compared to vacuum (T = 0K)
ones. Remarkably, a thermal metal anomaly (TMA)
∗ Correspondance to: mauro.antezza@umontpellier.fr
has been predicted: for metals at intermediate separa-
tions (' 1µm), contrary to dielectrics, the CLP decreases
with increasing temperature [5]. Thermal effects domi-
nate only at very large separations d  λT = ~c/(kBT )
(≈ 7µm at room temperature) where the force reduces
to the Lifshitz limit (for metals PLif = −kBTζ(3)/(8pid3)
[6]) and is already extremely weak and very hard to
measure [7–11]. For this reason, almost all research ef-
forts focused on changing the reflection coefficients by us-
ing more complex geometries (recently large interest has
been devoted to gratings [12–18]) and/or materials (like
topological insulators [19], metamaterials [20], switchable
mirrors [21], and others [22]).
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Figure 1. (color online). Graphene-based multilayers scheme.
Recently, the availability of graphene, with its pecu-
liar transport and optical properties [23], stimulated both
theoretical [24–30] and experimental [31] investigations of
the CLP involving graphene sheets, with applications in
nanophotonics and optomechanical systems [32].
Remarkably, the CLP between two suspended paral-
lel graphene sheets has been predicted [25] to reach the
Lifshitz metallic behavior PLif at very small separations
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Figure 2. Relative variation of P when T varies [T = 200 K (blue
lines) and T = 400 K (red lines)]. The CLP at T = 300K is taken
as a reference, and L = 1µm. (a): slabs (SS: dashed), suspended
graphene sheets (GG: dotted), graphene-dielectric multilayers with
µF = 0 eV (N = 1: solid, and N = 10: solid with diamonds). (b)
gold (MM: dashed), graphene-dielectric multilayers with N = 100
(µ = 0 eV: dotted, and µ = 1 eV: solid) .
d  χT = ~vF /(kBT )  λT , since the Fermi velocity is
much smaller than c (vF ' c/300). A natural question,
then, is to which extent this striking thermal graphene
anomaly (TGA) persists in typical realistic Casimir ex-
perimental conditions, which require the presence of sub-
strates [11, 31] in a mixed graphene-dielectric configura-
tion. This issue is also crucial for technological appli-
cations in MEMS/NEMS and in micro-optomechanical
devices, calling for a specific investigation due to the non-
additive nature of the CLP.
In this Letter, by simply introducing a dielectric sub-
strate (we consider a general parallel-plane graphene-
dielectric multilayer configuration), we propose a setting
which allows several important modulations of the CLP
and opens to genuine technological applications. Further-
more, it allows the compatibility with existing Casimir
experiments and naturally guarantees the flatness and
parallelism assumed in the model [25].
First, we show that the TGA strongly deviates from
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Figure 3. CLP for L = 1µm and T = 300 K, for different struc-
tures: SiO2 slabs (red solid line), graphene multilayers with N = 10
and µF = 0 eV (blue solid line), Lifshitz limit for metals PLif (black
dashed line).
the ideal suspended-graphene configuration, still remain-
ing large enough to thermally modulate the force at sep-
arations ∼ 200nm, where the CLP is strong and typi-
cally measured. Second, we show that by increasing the
density of the graphene layers in the dielectric host, we
recover the TMA once the graphene is doped. Finally,
we show that the same system allows an easy, strong and
rapid CLP electrostatic tunability in-situ by modulating
the graphene conductivity with an applied voltage to the
graphene sheets.
All these effects are particularly relevant for experi-
ments since they allow, contrary to almost all known
configurations, to dynamically change the force in the
same experimental device without changing geometry or
materials.
Physical system and model - We consider the interac-
tion between two identical parallel graphene multilayers
imbedded in two dielectric slabs separated by a distance
d (see figure 1). Each slab has a thickness L and is loaded
with Ng equally spaced graphene sheets dividing the slab
into N = Ng − 1 layers. The dielectric layers are char-
acterized by their permittivity ε(ω), and the graphene
sheets by their conductivity σ(ω, T, µF ) (where µF is the
Fermi level).
While Eq. (1) is useful for understanding the roles of
the different parameters, for computational efficiency we
rather use its frequency complex-rotated version (ω =
iξn) [2]
P = −kBT
pi
∞∑
n=0
∞′∫
0
dQQq
∑
p
[
e2qd
R
(1)
p R
(2)
p
− 1
]−1
, (2)
where the prime ′ on the sum means that the n = 0 term
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Figure 4. Relative variation the CLP as a function of distance
between the two multilayers, for T = 300 K and L = 1µm. Panels
(a)-(b)-(c): we plot ∆µF = |(P (µF )− P (µF = 0)) /P (µF = 0)| for
µF = 0.2 eV, 0.4 eV, 0.6 eV, 0.8 eV and 1 eV, with N = 10 (a),
N = 50 (b), N = 100 (c). panels (d)-(e)-(f): we plot ∆N =
|(P (N)− P (N = 1)) /P (N = 1)| for N = 10, 20, 50 and 100, with
µF = 0 eV (d), µF = 0.4 eV (e) and µF = 1 eV (f).
is divided by 2, ξn = 2pinkBT/~ are the Matsurbara
frequencies, q =
√
(ξn/c)2 +Q2, and R
(i)
p (Q, iξn, T ) are
the frequency-rotated reflection coefficients. In order to
compute the graphene multilayers reflection coefficients
we implemented the scattering matrix algorithm (see [33]
for details) because of its outstanding stability with re-
spect of all the parameters of the problem.
In the following we will consider SiO2 slabs with per-
mittivity ε(ω) = εR(ω) + iεI(ω) taken from [34], which
at the Matsubara frequencies becomes ε(iξn) = 1 +
2
pi
∫∞
0
ωεI(ω)
ω2+ξ2n
dω [35]. The Graphene sheets conductivity
σ(ω) = σR(ω) + iσI(ω) is the sum of the intra-band and
inter-band contributions [36] (see also [37–39]), and at
Matsubara frequencies takes the form [40]:
σ(iξn) = σintra(iξn) + σinter(iξn), (3)
σintra(iξn) =
8σ0 kBT
pi(~ξn + ~Γ)
ln
[
2 cosh
(
µF
2kBT
)]
,
σinter(iξn) =
σ04~ξn
pi
∫ ∞
0
G (x)
(~ξn)2 + 4x2
dx.
Here, σ0 = e
2/(4~), e is the electron charge, the Fermi
level µF (typically between 0 and 1 eV) can be modu-
lated by applying a bias voltage or by chemical doping,
G(x) = f(−x) − f(x) = sinh(x/kBT )/[cosh(µF /kBT ) +
cosh(x/kBT )] with f(x) = [(exp[(x−µF )/(kBT )] + 1]−1,
and Γ accounts for relaxation mechanisms (we use Γ =
1013 rad/s).
Thermal and electrostatic modulation - We first fo-
cus on the influence of the temperature variation for
graphene multilayer structures in figure 2, where we eval-
ǫ(i
ξ)
0
2
4
6
σ
(iξ
)
0
2
4
6
T=200K
T=300K
T=200K
ξ (rad/sec)
1010 1012 1014 1016 1018
σ
(iξ
)
0 
5 
10
µF = 0 eV
µF = 0.4 eV
µF = 1 eV
× 10-4
(b)
×  10-3
(c)
(a)
T = 300K
µF = 0 eV
Figure 5. SiO2 permittivity (a) and graphene conductivity (b)
and (c) at imaginary frequencies.
|R(
0,i
ξ,
T)
|2
0  
0.1
0.2
0.3
T=200 K
T=300 K
T=400 K
|R(
0,i
ξ,
T)
|2
0
0.5
1
Slab
N=1
N=10
N=50
N=100
ξ (rad/sec)10
10 1012 1014 1016 1018
|R(
0,i
ξ,
T)
|2
0
0.2
0.4
0.6
0.8
µF = 0 eV
µF = 0.2 eV
µF = 0.4 eV
µF = 0.6 eV
µF = 1.0 eV
 (a)
 (b)
 (c)
 µF = 0 eV, N=10
  T=300 K, µF = 0.4 eV
  N=1, T=300 K
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uate, as a function of the separation distance, the rela-
tive variation of the CLP for two different temperatures,
namely T = 200K and T = 400K, with respect to the
pressure at T = 300K used as a reference. In panel (a)
we compare the CLP between: two dielectric SiO2 slabs,
two parallel suspended graphene sheets, and two iden-
tical graphene-dielectric multilayers with N = 1 (hence
with Ng = 2 graphene sheets each) and with N = 10.
We see that the CLP in graphene-dielectric multilay-
ers strongly deviates from that in suspended parallel
graphene-graphene configuration, whose almost constant
behavior in figure 2(a) reflects the rapid TGA saturation
of the CLP to the Lifshitz limit [25]. It is worth noticing
that, in the case of slabs, to reach a 10% relative varia-
tion, very large separations are required (d ' 2µm both
for T = 200 K and T = 400 K), where the total CLP
4is already negligible, making elusive the measurement of
thermal effects. This appears clearly in figure 3, where
at d = 2µm the slab-slab CLP is ' −10−8nN/µm2. Re-
markably, for graphene-dielectric multilayers (both for
N = 1 and N = 10) a 10% relative variation is already
reached at d ' 200nm. At this distance (which is typical
in Casimir experiments) the CLP for graphene multilay-
ers is ' −10−4nN/µm2 (see figure 3), which is four orders
of magnitude larger than for the simple slabs configura-
tions. This precisely opens to the possibility of measur-
ing thermal effects, especially at small distances, and to
thermally manipulate the force within standard Casimir
experimental setups.
In panel (b) we compare the CLP for: two gold slabs
[41], and two N = 100 graphene-dielectric multilayers
with µ = 0 eV and µ = 1 eV. We clearly see that for
µ = 0 eV the relative thermal variation for N = 100 is
weaker than for N = 1 and N = 10 (panel (a)), showing
that by increasing N the relative thermal effect decrease,
while its absolute value increases (see Fig. 4(d)), and that
both N = 1 and N = 10 are almost equally good can-
didates to measure the CLP relative thermal variations.
For µ = 1 eV it becomes non-monotonic, acquiring the
TMA behavior shown by gold. In that case the collective
behavior of the 2D embedded graphene sheets makes the
graphene-dielectric multilayer structure equivalent to an
effective 3D metal.
Let us now focus on other ways to tune the CLP which
are offered by such structures. In the first line of figure
4 we show how a change in the Fermi level µF , which
can be done in situ and dynamically, affects the CLP
strength. We fix the number of layers (N=10, 50, 100 for
panels (a), (b) and (c), respectively) and calculate, as a
function of distance, the relative variation of the CLP at
increasing values of µF , by normalizing with respect to
the pressure at µF = 0 eV.
We see that, already with N = 10, the relative vari-
ation can reach 20% (panel(a)), and for N = 100 a re-
markable variation > 50% can be obtained by continu-
ously tuning µF up to 1 eV (panel (c)). In the second
line of figure 4 we show how much the CLP depends on
N. We fix the Fermi level (µF = 0, 0.4, 1 eV for panels
(d), (e) and (f), respectively) and calculate the relative
variation of the CLP at increasing values of N , normaliz-
ing with respect to the pressure with N = 1. We see that
for µF = 1 eV the relative variation for N = 100 goes up
to ' 80% (panel (f)). It is worth stressing that in figure
4, by varying N and/or µF , the maximum variations are
obtained at distances around 0.6µm, and become negligi-
ble at few microns, when the asymptotic universal regime
PLif is reached.
In order to have more insight on the origin of the large
CLP modulation (figures 2 and 3) with respect to tem-
perature T , Fermi level µF and the number of layers N ,
we first look, in figure 5, at the graphene conductivity
σ(iξ) as a function of T and µF . After, in figure 6, we
see how σ(iξ), jointly with the SiO2 permittivity ε(iξ)
and the variation of N , affect the multilayer reflection
coefficient R
(i)
p (Q, iξn, T ).
The large thermal variation observed in figure 2 de-
rives from strong thermal variations of σ(iξ) (see Fig.
5(b)) which directly affect the multilayer TM reflectiv-
ity |R|2 at normal incidence (Q = 0) as shown in Fig.
6(a). In Fig. 5(b)-(c) we see the interplay between T
and µF encoded in Eq. (3), which implies that a larger
relative thermal variation is obtained for µF = 0 eV (for
larger doping, rapidly µF  kBT ' 10−2eV, implying
no thermal conductivity effects). This explains the par-
tial recovering of the TGA for µF = 0 eV in Fig. 2(a-b),
and, on the other side, explains that the TMA recov-
ered in 2(b) for µF = 1 eV is not due to thermal features
of the Graphene sheets. In Fig. 6(a) we see that the
thermal variation of σ(iξ) affects the reflectivity mainly
at frequencies smaller than ' 1015rad/sec (which are the
dominating frequencies in the Matsubara sum (2)), while
at larger frequencies the reflectivity is influenced only
by the thermal-independent SiO2 dielectric permittivity
ε(iξ) given in Fig. 5(a).
It is worth stressing that |R(Q = 0)|2 of Fig. 6 is
useful to understand the behavior of the CLP in general,
where several Matsubara terms ξn contribute to the sum
(2). This is not the case for the large separations limit
d → ∞, for which one should consider only the first
Matsubara term ξ0 = 0 rad/sec, and after perform the
integration over Q. In that case, the reflectivities reduce
to the metallic limits |RTM (ξ0)|2 = 1 and |RTE(ξ0)|2 = 0
for any Q 6= 0 (the Q → 0 and ω → 0 limits ordering
matters). In Fig. 2, the CLP for N = 1 and N = 10 at
intermediate distances d ' 1µm is not saturated by the
single ξ0 term (which would be enough for the suspended
graphene configuration - dotted line) due to the mixed
graphene-dielectric configuration.
Let us now analyze the effect of varying both µF and
N on |R|2: we see in Fig. 6(b) that adding and increas-
ing the number of graphene sheets strongly modifies the
reflectivity in a large range of frequencies . 1015rad/sec,
approaching more and more an ideal metallic behavior
|R|2 = 1 (while |R|2 ' 0 at small frequencies for sim-
ple slabs). Analogous variations of |R|2 are shown if, at
fixed values of N , the Fermi level increases, as shown in
6(c). The reflectivity increases considerably by increas-
ing N and/or µF , which confers to graphene multilayer a
tunable metallic behavior , and explains the strong mod-
ulations of the CLP observed in Fig. 4.
Conclusions- We analyze, in terms of the graphene con-
ductivity and of the structure reflection coefficients, both
individual and collective effects of changing the tempera-
ture, the Fermi level and the number of graphene sheets
on the CLP between graphene-dielectric multilayer struc-
tures. We exploit the fact that by changing T , µ and N
it is possible to modulate the graphene (semi)metallic
features, and hence the reflectivity of the structure. For
these structures we found that the CLP can strongly de-
pend on temperature, implying a dramatic change with
respect to both single suspended graphene sheets (more
difficult to realize) and dielectric slabs, and allowing the
5measurement of thermal effects at small separations. Rel-
evant similarities with normal 3D metals are found in
some conditions. We also show that a consistent modu-
lation of the CLP can be obtained by varying the number
of graphene sheets in the structure, or the Fermi level.
This latter variation can be done by simply changing the
electrostatic potential of the graphene sheets, and allows
for a fast in-situ tuning of the interaction, which is of
clear experimental interest. A natural direct extension of
this study is to consider non-ordered graphene-dielectric
multilayer structures in order to further sculpt the CLP.
These findings offer several opportunities for both exper-
imental Casimir investigations and for more applicative
studies in micro/nano mechanical devices.
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Appendix A: Supplemental Material
The S-matrix algorithm for a multilayered structure
with embedded graphene
In order to calculate the multilayer reflection coefficient
R(Q,ω) we use the so called S-matrix algorithm, well
know for its effectiveness and stability. We present the
algorithm for real frequencies ω, but it remains valid also
at imaginary Matsubara frequencies (needed in Eq.(2) of
the main text) simply by setting ω = iξn.
Let’s consider the general multilayered structure,
shown in figure 7, made of N dielectric layers and Ng
graphene sheets at their interfaces (Ng = N + 1). Each
layer is characterized by its width hp, by its relative di-
electric permittivity εp and its relative magnetic perme-
ability µp (in [? ] we set µp = 1), while each graphene
sheet is characterized by its conductivity σp. We label
each layer by its position number in the stack p = 1, ..., N
and label the lower and upper half spaces by 0 and N+1
respectively. The whole structure is invariant in the y
direction and thus one can distinguish the two cases of
polarization TE/TM according to this axis. Under the
TE polarization, the electromagnetic field is such that
E = (0, Ey, 0) andH = (Hx, 0, Hz) while for the TM case
it is such that E = (Ex, 0, Ez) and H = (0, Hy, 0). Thus,
for each polarization, the fields can be expressed through
their non null y component only; the other components
being deduced from this latter through Maxwell’s equa-
tions. With these notations, we express the fields in the
pth medium in terms of plane waves solutions:
Up(x, z) = e
iQx
(
ape
iqp(z−zp−1) + apeiqp(z−zp−1)
)
(A1)
With z−1 = 0 (by convention) and where Up(x, z) stands
for Epy(x, z) (respectively Hpy(x, z)) in the TE (respec-
tively TM) polarization case. Here Q is the parallel com-
ponent of the wave-vector and qp =
√
k20εp −Q2 is its
normal one, k0 = ω/c being the vacuum wave-number
of the incoming plane wave. For a propagating incident
wave, Q can be related to the angle of incidence θ trough
Q = k0
√
ε0 sin θ.
In order to compute the outgoing amplitudes b0 = R
and aN+1 = T in terms of the incoming ones a0 = I and
bN+1 = 0, we must take into account the boundary con-
ditions at the different interfaces. These depend on the
TE and TM polarization cases, and thus will be treated
separately.
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Figure 7. (color online). Graphene-based multilayers scheme.
a. TE polarization
For the TE polarization case the boundary conditions
can be expressed for each interface z = zp as follows:
∀x ∈ R :
{
Epy(x, zp) = E(p+1)y(x, zp)
H(p+1)x(x, zp)−Hpx(x, zp) = σpEpy(x, zp).
(A2)
Then, using equation (A1) and the Maxwell equation
Hx = (−iωµ0µp)−1∂zEy, we obtain:
φpap + φ
−1
p bp = ap+1 + bp+1
q′p+1 (ap+1 − bp+1)− q′p
(
φpap − φ−1p bp
)
=
−k0ηp
(
φpap + φ
−1
p bp
)
,
(A3)
where q′p = qp/µp, φp = e
iqphp (hp = zp+1 − zp and
φ0 = 1 by convention) and ηp = Z0σp, Z0 being the
electromagnetic impedance of vacuum. These boundary
conditions constitute an algebraic set of 2N+2 equations
for the 2N+2 unknowns ap, bp. One of the most efficient
and stable ways to solve this latter system is to use the
S-matrix algorithm. By definition, the S-matrix relates
the outgoing amplitudes to the incoming ones:
(
bp
ap+1
)
= STEp
(
ap
bp+1
)
. (A4)
Therefore, we can deduce its expression easily from
equations (A2):
6STEp =
1
q′p+1 + q′p + k0ηp
×(
φ2p(q
′
p − q′p+1 − k0ηp) 2φpq′p+1
2φpq
′
p q
′
p+1 − q′p − k0ηp
)
. (A5)
Then chaining the successive S-matrices leads to the
overall scattering matrix of the structure:
STE = STE0 ? ... ? S
TE
p ? ... ? S
TE
N (A6)
where the ? product S = Sa ?Sb between two S-matrices
Sa and Sb is
S11 = S
a
11 + S
a
12(1− Sb11Sa22)−1Sb11Sa21
S12 = S
a
12(1− Sb11Sa22)−1Sb12
S21 = S
b
21(1− Sa22Sb11)−1Sa21
S22 = S
b
22 + S
b
21(1− Sa22Sb11)−1Sa22Sb12.
(A7)
Finally, the reflection and transmission coefficients are
readily obtained from the global S-matrix:
(
R
T
)
= STE
(
I
0
)
(A8)
so that the TE reflection coefficient we need for the
Casimir-Lifshitz pressure calculation is simply the (1, 1)
element of STE: R
(1)
TE(Q,ω) = R
(2)
TE(Q,ω) = R/I = S
TE
11 .
For completeness, the TE transmission coefficient will be
T
(1)
TE(Q,ω) = Te
−iqN+1L/I = STE21 e
−iqN+1L, where L is
the size of the total multilayer structure, and where the
phase factor e−iqN+1L is introduced to have the transmis-
sion coefficient defined with respect to the z0 plane, as
for the reflection coefficient.
b. TM polarization
For the TM polarization case we follow the same pro-
cedure used for the TE case. We express the boundary
conditions for each interface z = zp as follows:
∀x ∈ R :
{
Epx(x, zp) = E(p+1)x(x, zp)
H(p+1)y(x, zp)−Hpy(x, zp) = −σpEpx(x, zp).
(A9)
And now, by using equation (A1) and the Maxwell equa-
tion Ex = (iωε0ε)
−1∂zHy we obtain:
q′p(φpap − φ−1p bp) = q′p+1(ap+1 − bp+1)
k0 (ap+1 + bp+1)− k0
(
φpap + φ
−1
p bp
)
=
−ηpq′p
(
φpap − φ−1p bp
)
,
(A10)
where q′p = qp/εp. The S-matrix can then be obtained:
STMp =
1
k0q′p + k0q′p+1 + ηpq′pq
′
p+1
(
φ2p(k0q
′
p − k0q′p+1 + ηpq′pq′p+1) 2k0φpq′p+1
2k0φpq
′
p −k0q′p + k0q′p+1 + ηpq′pq′p+1
)
. (A11)
The global TM S-matrix of the structure is then obtained
by a chaining analogous to Eq. (A6), and the TM reflec-
tion coefficient we need for the Casimir-Lifshitz pressure
calculation is R
(1)
TM(Q,ω) = R
(2)
TM(Q,ω) = R/I = S
TM
11 .
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